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The general transformation of the product of coherent states
∏
N
i=1
|αi〉 to the output state∏
M
i=1
|βi〉 (N = M or N 6= M), which is realizable with linear optical circuit, is characterized
with a linear map from the vector (α∗1, · · · , α
∗
N ) to (β
∗
1 , · · · , β
∗
M ). A correspondence between the
transformations of a product of coherent states and those of a single photon state is established
with such linear maps. It is convenient to apply this linear transformation method to design any
linear optical scheme working with coherent states. The examples include message encoding and
quantum database searching. The limitation of manipulating entangled coherent states with linear
optics is also discussed.
PACS numbers: 42.50.Dv, 03.67.-a, 03.65.Ud
I. INTRODUCTION
The robustness of photonic states in an environment
with decoherence effects makes them suitable to imple-
menting various quantum information protocols. Since
the first proposal for an efficient and scalable quantum
computation with linear optics [1], single photons have
been primarily considered as the carrier of information
(for an overview see, e.g., [2]). Although there have been
quaisi-deterministic schemes based on parametric down-
conversion to generate single photons, e.g., [3, 4], many
quantum information protocols working with single pho-
ton signals are still experimentally challenging. Using
other types of photonic states to encode quantum infor-
mation, therefore, attracts the interest of researchers.
The encoding of quantum information on continuous
variables (CV) of multi-photon fields has advantages in
that their setups are less complex. A number of schemes
have been proposed for realizing quantum computation
in this approach [5, 6, 7, 8]. To realize a practical imple-
mentation of a scheme working with CV photonic states,
the use of the hard non-linear interactions should be min-
imized. A quantum computation scheme based on coher-
ent sates, a typical example of CV photonic states, was
thus proposed with the hard nonlinear interactions only
required for the off-line preparation of resource states [9].
In addition to the theoretical research to apply them as
the qubits in computation, coherent states are proposed
to perform other quantum information processing tasks,
e.g., quantum cryptography protocols [10, 11] and quan-
tum database searching [12]. These non-computation
quantum information schemes are much more feasible to
realize, since they apply linear optics only. Recently, the
simplest version of unambiguous identification of coher-
ent states, which is possible to be developed to quan-
tum database searching, has been experimentally realized
∗Electronic address: bhe98@earthlink.net
with fiber optics [13].
In this paper, we provide a general structure for the
transformations of coherent states that are realizable
with linear optical circuits. Coherent states are regarded
as the antithesis of single photon states. However, as far
as the signal processing with linear optics concerned, it
can be shown that there is a correspondence between the
transformations of these two different types of photonic
states. Any permissible linear transformation on a sin-
gle photon signal, |ψin〉 =
∑N
i=1 cia
†
i |0〉, be it unitary or
non-unitary, can be deterministically realized with the
combination of linear optical modules [14, 15]. If we pro-
cess the signals of |ψin〉 =
∏N
i=1 |αi〉, the tensor product
of coherent states |αi〉, with the same setup, the vector
(α∗1, · · · , α∗N ) (the star stands for the complex conjugate)
will transform in the same way as (c1, · · · , cN ), the coeffi-
cient vector of single photon states. This correspondence
between the linear transformations of two types of vec-
tors shows that the different tasks respectively working
with coherent states and single photon states can be per-
formed by the same setup.
The rest of the paper is organized as follows: in Sec.
II, we present the primary results of the general trans-
formation (unitary and non-unitary) of coherent states
under the action of a linear optical circuit; we provide
two examples, message encoding and database searching
based on coherent states, as the application of the general
method in Sec. III; the limitation of linear optics in pro-
cessing entangled coherent states and the generalization
of the circuits to include the non-linearities is discussed
in Sec. IV; finally, we summarize the important results
we obtain in a brief conclusion.
II. GENERAL TRANSFORMATION OF
COHERENT STATES THROUGH LINEAR
OPTICAL CIRCUIT
We start with the simple situations of the input
|ψin〉 = |α1〉|α2〉 = D(α1)D(α2)|0〉 (2.1)
2being sent to a beamsplitter and a phase shifter. D(α)
here represents the displacement operator eαa
†−α∗a.
With the interaction Hamiltonian
HBS = θe
iϕa†1a2 + θe
−iϕa1a
†
2, (2.2)
of the beamsplitter, the creation operators of the input
modes are transformed to those of the output modes b†1
and b†2 as a SU(2) map,
(
b†1
b†2
)
=
(
U11 U12
U21 U22
)(
a†1
a†2
)
=
(
cos θ ie−iϕ sin θ
ieiϕ sin θ cos θ
)(
a†1
a†2
)
, (2.3)
which defines the unitary operation UBS of a beamsplit-
ter [2]. The reflection and transmission coefficients R
and T of the beamsplitter are given in terms of the pa-
rameters as R = sin2 θ and T = 1 − R = cos2 θ, and
the relative phase ϕ ensures that the transformation is
unitary. The input state of the product of two coherent
states is therefore transformed as follows:
|ψout〉 = UBS|ψin〉 = UBSD(α1)D(α2)U †BSUBS|0〉
= eα1(U
∗
11b
†
1+U
∗
21b
†
2)−α∗1(U11b1+U21b2)eα2(U
∗
12b
†
1+U
∗
22b
†
2)−α∗2(U12b1+U22b2)|0〉
= e(U
∗
11α1+U
∗
12α2)b
†
1−(U11α∗1+U12α∗2)b1e(U
∗
21α1+U
∗
22α2)b
†
2−(U21α∗1+U22α∗2)b2 |0〉, (2.4)
where we apply Campbell-Baker-Hausdorff formula
eAeB = eA+Be
1
2 [A,B] from the second line, as well as
the unitary transformation in Eq. (2.3). If we define(
β∗1
β∗2
)
=
(
U11 U12
U21 U22
)(
α∗1
α∗2
)
, (2.5)
the output state will be given as
|ψout〉 = D(β1)D(β2)|0〉 = |β1〉|β2〉. (2.6)
Eq. (2.5) characterizes the transformation of the product
of two coherent states under the action of Eq. (2.3).
Another basic ingredient in a linear optical circuit is
a phase shifter with the interaction Hamiltonian H =
φ a†a. The creation operator a† of an input mode is
mapped to b† = eiφa† by the phase shifter, and one in-
put coherent state is thus transformed to |β〉 = |eiφα〉.
Analogous to Eq. (2.5), this relation is also given as
β∗ = e−iφα∗. (2.7)
The unit module of any linear optical circuit is an ar-
ray of beamsplitters and phase shifters shown in Fig. 1.
Sending a single photon state
∑N
i=1 cia
†
i to this array
with the different modes a†i entering the different input
ports from i = 1 to N , we will have the following unitary
transformation U(N) of the mode vector,


b†1
b†2
...
b†N

 =


U1,1 U1,2 · · · U1,N
U2,1 U2,2 · · · U2,N
...
...
. . .
...
UN,1 UN,2 · · · UN,N




a†1
a†2
...
a†N

 , (2.8)
since it is the product of SU(2) maps Ti,j = Ti,j ⊗ Irest
and U(1) maps eiφi,j respectively performed by the sin-
gle beamsplitters and the single phase shifters, which is
FIG. 1: (Color online) The unitary transformation mod-
ule constructed with beam splitters (dark square) and phase
shifters (white square). An input of coherent state |α1〉 is sent
to Port 1, |α2〉 to Port 2, and so on. The outputs obtained
from the ports numbered from 1′ to N ′ will be |β1〉 to |βN 〉
determined by Eq. (2.10).
obtained through the iterative decomposition [14]
U(N)TN,N−1 · · ·TN,1 = U(N − 1)⊕ eiφ. (2.9)
The coefficient vector ~c = (c1, · · · , cn) is correspondingly
transformed as ~c′ = ~c U†.
Replacing the input with a product of coherent states
|ψin〉 =
∏N
i=1 |αi〉, with |α1〉 entering the port 1, |α2〉
entering port 2, and so on, we will obtain the following
transformation

β∗1
β∗2
...
β∗N

 =


U1,1 U1,2 · · · U1,N
U2,1 U2,2 · · · U2,N
...
...
. . .
...
UN,1 UN,2 · · · UN,N




α∗1
α∗2
...
α∗N

(2.10)
under the action of the map of the creation operators in
Eq. (2.8), which is generalized from that of Eq. (2.5)
3under the action in Eq. (2.3). If we decompose the
above unitary transformation into the product of SU(2)
and U(1) maps to make the different components of
α∗i transform as in Eqs. (2.5) and (2.7), combining all
these separate maps will give the above transformation
of (α∗1, · · · , α∗N )T (T stands for transpose) exactly.
From this unitary transformation, we also obtain an
invariant
N∑
i=1
|αi|2 =
N∑
i=1
|βi|2. (2.11)
It is the conservation of the average total photon num-
ber 〈ψin|
∑
i nˆi|ψin〉 under the unitary transformation
induced by linear optical circuit. On the other hand,
for two sets of coherent states {|α1〉, · · · , |αN 〉} and
{|β1〉, · · · , |βN 〉} satisfying this relation, we can always
find a unitary map U realizing the transformations be-
tween their products.
Next, we generalize this type of unitary transforma-
tions to the non-unitary ones. In [15] we present a
method of combining three linear optical modules in
Fig. (1) to realize any non-unitary map K of contrac-
tion (||K|| ≤ 1) on the coefficient vector (c1, · · · , cN ) of
a single photon state. It is effectively performed by the
unitary transformation
U =
( K −(I −KK†)1/2
(I −K†K)1/2 K†
)
(2.12)
in the extended Hilbert space. K here can be anyM ×N
matrix with the non-zero eigenvalues of KK† or K†K be-
ing less than or equal to 1. If M 6= N , it can be enlarged
by the direction sum with a unit matrix to a square ma-
trix. Following Eq. (2.10), we can implement this ex-
tended unitary map on an input of coherent states by
sending |ψin〉 =
∏N
i=1 |αi〉 to the input ports of the mod-
ule, with |αi〉 entering the port numbered from i = 1 to
N , respectively, and the rest 2 ×max(M,N) −N ports
being dark. A linear optical circuit modules implement-
ing the unitary transformation U (2×max(M,N)) thus
realizes the following non-unitary map


β∗1
β∗2
...
β∗M

 =


K1,1 K1,2 · · · K1,N
K2,1 K2,2 · · · K2,N
...
...
. . .
...
KM,1 KM,2 · · · KM,N




α∗1
α∗2
...
α∗N

 (2.13)
in a subspace. The output
∏M
i=1 |βi〉 is obtained from
the output ports numbered from 1′ to M ′ in Fig. 1, and
some other coherent states also output from the remain-
ing ports. A contraction map on a product of coherent
states can be, therefore, realized with the same linear
optical circuit to implement this contraction map on a
single photon state. It is the primary result of this pa-
per and, in the next section, we will apply some special
forms of Eqs. (2.10) and (2.13) in designing the circuits
to process the information encoded in coherent states.
III. LINEAR OPTICAL SCHEMES
PROCESSING INFORMATION ENCODED IN
COHERENT STATES
From the discussion in the last section, we see that it is
only necessary to find the proper unitary or non-unitary
map and the proper input if we want to realize a certain
output state in the form of
∏
i |βi〉. In what follows, we
present two examples of how to apply this method in the
design of lienar optical circuits.
First, we present a setup to generate the states
|αei 2pikN 〉, for k = 0, · · · , N − 1, which were proposed to
realize quantum key distribution (QKD) by linear optics
[10]. A simple choice of the input state is |√Nα〉, and
the unitary map is that of discrete Fourier transforma-
tion (FT). Out of a circuit corresponding to the following
discrete FT,


α
αe
2pii
N
...
αe
2pii(N−1)
N

 =


1√
N
1√
N
· · · 1√
N
1√
N
ωN√
N
· · · ω
N−1
N√
N
...
...
. . .
...
1√
N
ωN−1
N√
N
· · · ω
(N−1)2
N√
N




0√
Nα
...
0

 ,
(3.1)
all desired outputs will be obtained at the respective out-
put ports. The notation ωN = e
2pii
N is used here.
If we send the input state |√Nα〉 to the first port in-
stead, what we realize will be a set of identical coherent
states |α〉. Similarly, any coherent |ξα〉 with |ξ| ≤ 1
can be realized with a combination of unitary and non-
unitary maps. For example, continuing to process the
output of the identical |α〉 by a circuit corresponding to
K =


1
1√
2
. . .
1√
N

 , (3.2)
we will have a series of different coherent states | α√
L
〉, for
L = 1, · · · , N .
Another interesting application is quantum database
searching. This problem is formulated as identifying the
input data encoded by a coherent |α0〉 to be which one of
{|α1〉, · · · , |αN 〉} prepared in a database. The identifica-
tion of the unknown inputs can be realized by a version
of quantum states comparison [16] as in [12]. An indis-
pensable requirement for a practical database searching
setup, however, is that the identified data |α0〉 should be
preserved in the process, so that it can be used later.
We demonstrate the principle of quantum database
searching with the simplest case of identifying only two
states |α1〉 and |α2〉. The comparison of states can be
realized by a map
K = c

 0 0 01 −1 0
1 0 −1

 , (3.3)
4which acts on the input (α∗0, α
∗
1, α
∗
2)
T . The largest pa-
rameter, cmax =
1√
3
, is determined by making the eigen-
values of KK† or K†K less than or equal to 1. We then
apply the following unitary map for the identification of
|α0〉:
~β∗ = U~α∗ =


0 0 0 1 0 0√
1
3 −
√
1
3 0 0
√
1
6 −
√
1
6√
1
3 0 −
√
1
3 0 −
√
1
6
√
1
6
1
3
1
3
1
3 0
√
1
3
√
1
3
1
3
2+
√
6
6
2−√6
6 0 −
√
1
3 0
1
3
2−
√
6
6
2+
√
6
6 0 0 −
√
1
3




α∗0
α∗1
α∗2
0
0
0


=


0
(α∗0−α∗1)√
3
(α∗0−α∗2)√
3
β∗4
β∗5
β∗6


. (3.4)
If there is at least one photon detected form the third
output port of the circuit corresponding to this map, the
input |α0〉 will be identified to be |α1〉; similarly, it will
be |α2〉 if at least one photon is detected from the sec-
ond output port. Except for the output |γ〉 = |α1−α2√
3
〉
or |α2−α1√
3
〉 consumed in the detection to identify the un-
known data, the remaining output states |β4〉, |β5〉 and
|β6〉, which are generated through a non-unitary map

 β
∗
4
β∗5
β∗6

 =


1
3
1
3
1
3
1
3
2+
√
6
6
2−√6
6
1
3
2−
√
6
6
2+
√
6
6



 α
∗
0
α∗1
α∗2

 , (3.5)
can be well preserved in delay lines. If we input them,
together with another prepared |γ〉, to the same circuit
but from the inverse direction, the identified data |α0〉,
as well as the reference states |α1〉, |α2〉, will be restored
from the initial input ports as the result of the U† opera-
tion. In the case that |α0〉 is input with the equal a prior
probabilities as |α1〉 and |α2〉, the success probability of
this identification process is
Psucc = 1− e−
|α1−α2|
2
3 , (3.6)
which is as large as the best probability of identifying
|α1〉 and |α2〉 in [12]. Provided that the distance, |α1 −
α2|, between two states is large enough, a setup like this
will realize a near deterministic identification, in which
the identified input data and the reference states in the
database can be also restored for the further processing
and the second round searching.
For the general situation of arbitrary number of states,
the similar contraction map can be given as
K = 1√
N + 1


0 0 0 · · · 0
1 −1 0 · · · 0
1 0 −1 · · · 0
...
...
...
. . .
...
1 0 0 · · · −1

 (3.7)
FIG. 2: The unidentified data |α0〉 is sent together with the
reference states to the circuit, which implemenets the unitary
operation U . Half of the outputs in group A are measured
to determine their identities, and the other half in group B
are kept in delay lines. After the measurement results are
compared, another set of the determined states are input to
the ports of group A, while the outputs of group B are sent
back to the circuit. The identified data |α0〉 and the reference
states are thus retrieved from the initial input ports. Only
photodiodes that are unable to resolve photon numbers are
required in the detection.
The corresponding setup performs the database search-
ing among the set {|α1〉, |α2〉, · · · , |αN 〉}. Two group of
outputs are illustrated in Fig. 2: the coherent states in
group A will be consumed in the detection for identify-
ing the input data, while those in group B are untouched.
The consumed coherent states in group A can be replen-
ished from the extra copies of |αi〉 (i = 1, · · · , N) pro-
cessed by the same circuit ahead of the searching. The
maximum number of the required linear optical elements
for the circuit grows quadratically with the volume of the
database N as (N + 1)(2N + 1).
Through the above examples, we have demonstrated
the power of the general linear map method presented in
Section II. To design a circuit that performs a particular
task, we only need to determine the required contraction
maps K or the unitary maps U , and then we will be
5able to construct the linear optical circuit following the
procedures in [14] and [15].
IV. PROCESSING AND GENERATING
ENTANGLED COHERENT STATES
In quantum computation based on the qubit of coher-
ent states |α〉 and | − α〉 (see, e.g., [8, 9]), the Bell-cat
states (with the global normalization factors neglected)
|B00〉 ∼ 1√
2
(| − α,−α〉+ |α, α〉),
|B10〉 ∼ 1√
2
(| − α,−α〉 − |α, α〉),
|B01〉 ∼ 1√
2
(| − α, α〉 + |α,−α〉),
|B11〉 ∼ 1√
2
(| − α, α〉 − |α,−α〉), (4.1)
are very useful to the design of various gate circuits.
These entangled states are convertible by a 50/50 beam-
splitter to the cat states |√2α〉 ± | − √2α〉. Although
their decoherence times are short for the large |α| in
lossy optical fiber [17], the cat states have been found
various applications in quantum information processing
and metrology (see, e.g., [18, 19]). One question is that
if it is possible to produce the Bell-cat states out of a
general entangled state
|ψin〉 ∼ 1√
2
(|α′, β′〉+ |γ′, δ′〉), (4.2)
where the parameters α′, β′, γ′ and δ′ are arbitrary, with
only linear optical circuit. As we have shown in the pre-
vious sections, it is to find a contraction map K such
that ( −α
−α
)
= K
(
α′
β′
)
,
(
α
α
)
= K
(
γ′
δ′
)
, (4.3)
if we want to refine the raw entangled state of Eq. (4.2)
to, e.g., |B00〉. By the singular value decomposition
K = V DU , where U and V are unitary and D diagonal,
we find the restriction on the parameters of the input
states in two situations: (i) if the vectors v1 = (α
′, β′)T
and v2 = (γ
′, δ′)T of the input state are linearly depen-
dent, then the necessary condition to realize the Bell-cat
state |B00〉 is that v1 = −v2; (ii) if the vectors v1 and
v2 of the input state are linearly independent, it is nec-
essary that there exists a unitary map W such that the
first or the second component of Wv1 and Wv2 satisfy
(Wv1)1 = −(Wv2)1 or (Wv1)2 = −(Wv2)2, if we intend
to have a |B00〉. Unlike an entangled photon pair like
c1|HH〉+ c2|V V 〉 (H and V are the polarization modes),
which can be always converted by a linear optical circuit
to the maximally entangled Bell state |HH〉+ |V V 〉 with
a certain probability, an entangled coherent state will be
mapped to a Bell-cat state only conditionally.
There is also a prominent difference between the out-
puts of coherent-state beams and single photons going
through a module in Fig. 1. For example, sending single
photons to a linear optical module of discrete FT will
generate some multipartite entangled states through a
post selection [20]. However, the output of a product of
coherent states is still such a product. To realize any type
of entangled coherent states, we must add non-linearity
to circuit. A typical example of such non-linearity is an
amplitude-dispersive medium with the Hamiltonian
HNL = h¯ωa
†a+ h¯χ(a†a)2, (4.4)
where ω is the frequency of the coherent field and χ the
strength of the anharmonic term. The input coherent
state |α〉 is mapped to
K|α〉 = exp(iHNLt)|α〉 = e
−ipi/4
√
2
(|α〉+ i| − α〉) (4.5)
after an interaction time t = π/χ [8], and an entangled
state will be thus obtained with a further action of a
beamsplitter. Placing these non-linearities between the
beamsplitters of a circuit module in Fig. 1, we will gen-
eralize its total unitary map in Eqs. (2.9) and (2.10) to
U =
∏
i,j
Ki,jTi,j , (4.6)
a product of Ki,j induced by the non-linearities and Ti,j
by the beamplitters (the phase shifter actions are ne-
glected for simplicity). The special examples of this type
of setups include the Mach-Zehnder interferometer with
Kerr non-linearity in one or two of the arms [21]. With
the proper linear and non-linear components in the gen-
eralized circuit and the proper input coherent states, we
will be able to generate multipartite entangled coherent
states of various types. However, a barrier to construct-
ing such an experimental setup is that the realization of
the non-linearity with large χ is still a challenge, if there
is no alternative to accomplish the required transforma-
tions.
Finally, we provide a general algebraic illustration
on the difference between the possible manipulations
of entangled photon pairs and entangled coherent-state
beams. By introducing a coefficient matrix Λ, an en-
tangled photon pair |Ψ〉 = ∑i,j Λi,ja†ib†j |0〉, which oc-
cupies the modes of a†i for i = 1, · · · ,M , and of b†j for
j = 1, · · · , N , can be given as (the vacuum |0〉 is ne-
glected) [22]
|Ψ〉 = (a†1, · · · , a†M )


Λ1,1 · · · Λ1,N
...
. . .
...
ΛM,1 · · · ΛM,N




b†1
...
b†N

 .
(4.7)
6All of its possible transformations by local operations
are realizable in terms of the maps on the basis vectors
(a†1, · · · , a†M )T and (b†1, · · · , b†N )T , which can be performed
by the respective linear optical circuits of the parties
a and b sharing the entanglement. For the entangled
coherent-state beams |Φ〉 ∼ ∑i,j Λi,j |αi〉a|βj〉b (unnor-
malized), however, such expression corresponds to a su-
perposition of coherent-state tensor products with |αi〉
and |βj〉 being in more than two different locations. The
only possibility of evolving the state as two entangled
coherent beams on path a and b is to apply the opera-
tions on the following superposition of two-dimensional
vectors,
Λ11
(
α1
β1
)
+ Λ12
(
α1
β2
)
+ · · ·+ ΛM,N
(
αM
βN
)
, (4.8)
as in Eq. (4.3).
V. CONCLUSION
In conclusion, we present a general method of linear
map to study the transformations of coherent states by
linear optics. This method is a convenient tool in the
design of linear optical circuits to process quantum in-
formation encoded in coherent states. An example of the
applications is a quantum database searching setup based
on linear optics, with which the identified input data can
be restored for further processing. To generate an entan-
gled coherent state, however, it is necessary to introduce
non-linearities to optical circuit, and the corresponding
linear map should be therefore generalized to include the
induced evolutions by the non-linearities.
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